Abstract. R. Ikehata recently proved some integral estimate for the di¤erence between the solution of an abstract heat equation and the solution of an abstract wave equation which results from the heat equation by a time singular perturbation. The estimate is obtained if the initial values are chosen appropriately. We prove a pointwise estimate which improves the above result for large times into several directions, and we also establish the optimality of this estimate for the wave equation in an exterior domain. Our proofs rely on the spectral theorem for unbounded self-adjoint operators.
Introduction
The main objective of this work is to establish a global in time estimate of the di¤erence between a solution u of the abstract dissipative wave equation Here, the operator ðA; DðAÞÞ is a closed, self-adjoint, positive semidefinite operator on a separable Hilbert space H.
Denote by u e and v, respectively, the mild solutions of the equations (1. where C b 0 is a constant independent of u 0 A DðA 3=2 Þ and e A ð0; 1. It is the purpose of this article to prove a pointwise estimate of kuðtÞ À vðtÞk V which improves both estimates above for large times ðt b 1Þ. We obtain in fact a better rate of convergence. For small times, however, the same rates of convergence do not seem to hold.
Throughout this article we will deal with mild solutions of the equations (1.1) and (1.2). Existence of mild solutions for the equations (1.1) and (1.2) can be shown by semigroup methods and is in fact well known.
The main result is the following.
Theorem 1.1 (Global estimate).
Let u e and v, respectively, be the mild solutions of the equations (1.1) and (1.2) with initial conditions as in (1.3). Then there exists a constant C b 0 independent of u 0 A DðAÞ and e A ð0; 1 such that
If A is invertible or if 0 is an isolated point in the spectrum sðAÞ, then we have the following, stronger estimate.
Theorem 1.2 (Global exponential estimate).
Assume that A is invertible or that 0 A sðAÞ is an isolated point in sðAÞ. Let u e and v, respectively, be the mild solutions of the equations (1.1) and (1.2) with initial conditions as in (1.3). Then there exist constants C b 0, d > 0 independent of u 0 A DðAÞ and e A ð0; 1 such that 
Proof of the main results
In this and the following section, we denote by C b 0 a generic constant, the value of which may vary from line to line but does not depend on u 0 A DðAÞ and e A ð0; 1.
We start by proving the following lemma. 
Proof. Assume first that u e is in fact a classical solution. Since e A ð0; 1 is fixed, we may write for simplicity u :¼ u e .
Let b > 0 and define for every t A R þ
Then the function H is di¤erentiable, and for every
From the Cauchy-Schwarz inequality we obtain for every l > 0 and, by using the following variation from (2.1),
we find
In particular
Hence,
HðtÞ a e Àt=ð36eÞ Hð0Þ;
This implies the claim for classical solutions u. The general claim follows from this and by approximation of mild solutions by smooth solutions. r Proof of Theorem 1.1. By the spectral theorem for self-adjoint operators ([13, Theorem VIII.4, p. 260]), the operator A is unitarily equivalent to a multiplication operator on some L 2 space. Therefore, it is su‰cient to consider the case when
ðAuÞðxÞ ¼ aðxÞuðxÞ;
x A E; u A DðAÞ;
where ðE; mÞ is a measure space, a is a nonnegative m-measurable function,
So let H and A be as above, fix e A ð0; 1, and let x A E.
If u e and v are solutions of the equations (1.1) and (1.2), respectively, then the functions u e ðÁ ; xÞ and vðÁ ; xÞ (which will in the following for simplicity be denoted by u and v) satisfy the ordinary di¤erential equations
For the restrictions of the solutions u e and v to the region faðxÞ b 1=ð16eÞg the claim follows from Lemma 2.1 (see Step 3 below 
where
Note that s 1 and s 2 are the two solutions of the equation
Therefore, using the assumption (1.3), 
This estimate is independent of aðxÞ ¼ o 2 a 1=ð16eÞ.
Step 3: Note that for fixed e A ð0; 1 the space
is invariant under the dynamics of equations (1.1) and (1.2). The restriction of the operator A to this space is strictly positive. In fact, A b I =ð16eÞ. Lemma 2.1 applied to the orthogonal projection of the solution u e to the space H e (note that 
This is the claim. r Proof of Theorem 1.2. In order to prove Theorem 1.2, we can proceed in a way similar to the proof of Theorem 1.1.
First, by the spectral theorem for self-adjoint operators, we may again assume without loss of generality that A is a multiplication operator, as in the proof of Theorem 1.1.
With this identification, the assumption that A is invertible or that 0 A sðAÞ is an isolated point in sðAÞ implies that there exists a > 0 such that the set f0 < aðxÞ < ag has m-measure 0.
Step In the above estimate we have used that
The constant C b 0 depends on a and a À d, but it does not depend on u 0 and e A ð0; 1. The above estimate is independent of a a aðxÞ ¼ o 2 a 1=ð16eÞ.
Step 2: Assume that aðxÞ ¼ o 2 ¼ 0. Then one will easily verify that u e ðt; xÞ ¼ vðt; xÞ ¼ u 0 ðxÞ. Hence, jwðt; xÞj ¼ ju e ðt; xÞ À vðt; xÞj ¼ 0; t b 0:
Step 3: Proceeding as in the 
This is the claim. r
Proof of Theorem 1.3. By the spectral theorem for self-adjoint operators, we may assume that A is a multiplication operator as in the proof of Theorem 1.1.
With this identification the assumption that 0 A sðAÞ is not an isolated point in the spectrum sðAÞ is equivalent to saying that infinitely many of the sets 
where w E n is the characteristic function of the set E n and mðE n Þ > 0. Then ku 
The claim follows by letting n, and hence t, tend to y. r
Proof of Theorem 1.4. By the spectral theorem for self-adjoint operators, we may assume that A is a multiplication operator as in the proof of Theorem 1.1.
Consider the Banach spaces First, we estimate the value tkuðtÞ À vðtÞk V uniformly on the interval ½1; yÞ. Second, the convergence rate is of the order OðeÞ. Third, the estimate holds uniformly for u 0 in bounded subsets of DðAÞ. We do not obtain the convergence rate OðeÞ (uniformly for bounded subsets in DðAÞ) for small times. On the other hand, it is not clear if the weaker estimates from [9] or [6] In order to see this, one may again assume that A is a multiplication operator and observe that the norms k Á k DðA k Þ are equivalent to the norm k Á k H on the subspace fu 0 A L 2 ðE; dmÞ : supp u 0 H faðxÞ a 1gg:
3.4. We may apply our abstract results to the dissipative wave equation and to the heat equation [6] , B. Najman [10, 11] and B. F. Esham and R. J. Weinacht [4, 5] . Higher order equations have been studied by J. A.
Smoller [14] .
